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Powerset of Singular Cardinals

Let λ be a singular strong limit cardinal. What is 2λ? (From now

on λ = ℵω).
Shelah proved 2ℵω < ℵω4 . Shelah also hypothesized 2ℵω < ℵω1 .
(PCF conjecture (simpli�ed)).

Theorem (Shelah)

If ℵω is a strong limit but 2ℵω > ℵω1 , then the approachable free

subset property holds at ℵω. (AFSP(ℵω))
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Approachable Sets, Free Subsets

De�nition

Let X ≺ (H(θ);∈, . . .), κ < θ an uncountable regular cardinal. X is

called internally approachable of length κ, i� there exists

〈Xα : α < κ〉 s.t.
X =

⋃
α<κ

Xα,

Xα ≺ (H(θ);∈, . . .) and Card(Xα) < κ for all α < κ,

〈Xβ : β < α〉 ∈ Xα for all α < κ.

De�nition

Let X ≺ (H(θ);∈, . . .), {κα : α < λ} ⊂ θ is free over X i�

χX (κβ) /∈ Sk(H(θ);∈,...)(X ∪ {χX (κα) : α ∈ a}) for all �nite a ⊂ λ
and β ∈ λ\a.



Approachable Free Subset Property

De�nition

AFSP(ℵω) i� for all internally approachable X ≺ (H(θ);∈, . . .)
(θ ≥ (2ℵω)+) with PCF({ℵn : n < ω}) ⊂ X of length κ < ℵω there

exists A ⊂ {ℵn : n < ω} in�nite that is free over X .

Corollary

AFSP(ℵω) implies the existence of an inner model M such that for

all α < ℵω there is β < ℵω with oM(β) ≥ α. In fact, there is

〈Uγ : γ < α〉 a sequence of normal measures on β with

Uδ ∈ Ult(M;Uγ) for δ < γ < α.
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PCF simpli�ed

Basic objects are functions f ∈
∏
n<ω
ℵn ordered by f <J g i�

{n < ω|g(n) ≤ f (n)} ∈ J where J is an ideal on ω. J will usually

take the form of IA<ω := {b ⊂ ω|∃m∀n > m : n /∈ A}.
Have

∏
n<ω
ℵn/IA<ω ∼=

∏
n/∈A
ℵn/I<ω =

∏
n∈ω\A

ℵn/I<ω.

De�nition

A sequence 〈fα : α < λ〉 is a scale (on
∏
n<ω
ℵn/J) i� it is

<J -increasing and co�nal, i.e. for all g ∈
∏
n<ω
ℵn there is α < λ

with g <J fα.



Tree-like Scales

De�nition (Pereira)

A scale 〈fα : α < λ〉 is tree-like i� fα(m) = fβ(m)⇒ fα(n) = fβ(n)
for all α < β < λ and n < m < ω.

De�nition

A scale 〈fα : α < λ〉 is continuous i� fα is an exact upper bound for

〈fβ : β < α〉, i.e. f ≤J g for any other upper bound g , for all limit

ordinals α < λ.

By work of Pereira and later Cummings we do know that continuous

tree-like scales can co-exist with strong large cardinal notions,

I0-cardinals and supercompact cardinals respectively. We will show

that they exist in V assuming anti-large cardinal assumption.
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Anti-AFSP scales

Lemma

Let κ < ℵω be regular uncountable. Let X ≺ (H(θ);∈; . . .) be

internally approachable of length κ. Let 〈fα : α < λ〉 ∈ X be a

scale. Then 〈χX (ℵn) : n < ω〉 is an exact upper bound for

〈fα : α < χX (λ)〉.

Lemma (Pereira)

Let A ⊂ ω be in�nite. Assume
∏
n∈A
ℵn/I<ω carries a continuous

tree-like scale, then for a relative club of internally approachable

X ≺ (H(θ);∈; . . .), A is not free over X .



Mice

Let (∗)λ be the statement "for all α < λ there exists β < λ with

o(β) ≥ α". What would a canonical model of (∗)λ M look like?

M = L
[
~E
]
,

Eα is a partial extender of length α for all α ∈ dom(~E ),

Ult(M;Eα)||α = M and α /∈ dom(iE (~E )).

Such a model (with some additional properties) is called a

premouse.
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Iterations

Let M be a premouse. An iteration on M is a sequence

〈Mα, iα,β : α ≤ β ≤ γ〉 of premice with (partial) embeddings

between them, starting with M, produced by iterating the following

operations:

Applying an extender E ∈ Mα to some Mβ (β ≤ α) (for our
purposes β = α always);

truncating to an inital segment (but only �nitely often);

taking direct limits (at limit stages).

Lemma (Comparison)

Let M,N be iterable premice (mice) then there exist normal

iterations I on M with last model M∗ and J on N with last model

N∗ that one of the following holds:

(i) M∗ E N∗ and I does not truncate;

(ii) N∗ E M∗ and J does not truncate.
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The core model

The core model K is the minimal maximal mouse (not the actual

de�nition!) if such exists. K exists if there is no mouse satisfying

(∗)λ.

K has the following properties (among others):

cof((α+)K ) ≥ κ for all α ≥ ℵ2;
if cof(α) < Card(α) but α ≥ ℵ2 is regular in K then, in fact,

oK (α) ≥ ν where cof(α) = ω · ν;
K = KV [G ] for any set generic extension.
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The covering argument

Let α ≥ ℵ2. Assume cof((α+)K ) < α. Let X ≺ (H(θ);∈, . . .)
good (e.g. countably closed) of size <α but co�nal in (α+)K . Let
σX : HX ' X and KX := σ−1

X
” [K ].

Facts:

In the co-iteration between K and KX , KX does not move;

K must truncate, in fact, (crit(σX )+)KX < (crit(σX )+)K ;

let β be the least point in the iteration s.t. the next critical
point is ≥σ−1

X
(α); (if it exists o.w. the last model) let

M := Ult(Mβ;σX � KX ||(σ−1X ((α+)K ))), then:

M is a mouse, so M ∈ K ,

(α+)K is a cardinal in M,

M de�nes a surjection from α onto (α+)K .
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The Theorem

Theorem

Assume 2ℵ0 < ℵω and that there is no class size mouse of (∗)ωω .

(a) Let A := {n < ω|∃α : ℵn = (α+)K ∨ (ℵ+n )K < ℵn+1}. Then∏
n∈A
ℵn/I<ω carries a tree-like scale that is continuous on

cof(>ω).

(b) Let B := {n < ω|∀α < ℵn : (α+)K < ℵn ∧ (ℵ+n ) = ℵn+1}.
Then

∏
n∈B
ℵn/I<ω carries an essentially tree-like scale that is

continuous on cof(>κ), some κ < ℵω.



A sketch

Proof.

W.l.o.g. assume ℵn = (κ+n )K for n ∈ A. Let

Cn := {α < κ+|K |α ≺ K |ℵn}. Cn is a club.

For α ∈ Cn let Mn
α be the least level of K for which a

(canonical) partial surjection gnα : κn → α is knα-de�nable.

(0-de�nable is just Σ1-de�nable.)

For α ∈ Cm there exists at most one β ∈ Cn such that there

exists a (kmα =)knβ -embedding σβ,α : Mn

β → Mm
α moving

certain parameters correctly. (A 0-embedding is

Σ1-elementary.)
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A sketch

Proof.

Idea: Let X be good. Then for all n∗ ≤ n < m ∈ A we have a

knχX (ℵn)-embedding from Mn

χX (ℵn) into Mm

χX (ℵm).

Let 〈Mα, iα,β : α ≤ β ≤ γ〉 be the induced iteration on K . Let

βn be the least point in the iteration such that the next point

is ≥σ−1
X

(κn) (if it exists, o.w. βn = γ).

Have then Mn

χX (ℵn) = Ult(Mβn ;σX � KX ||σ−1X (ℵn)). Let

ϕm,n : Mn

χX (ℵn) → Mm

χX (ℵm), [a, f ]σX 7→ [a, iβn,βm(f )]σX .
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Limitations

Theorem (Gitik)

Let κ be a regular cardinal, and let E be an extender on κ of length

κ++. Then there exists a forcing extension V [G ] with a sequence

〈κn : n < ω〉 such that
∏
n<ω

κ++
n /I<ω does not carry an essentially

tree-like continuous scale.

Conjecture: Let M be a model of (∗)λ. Then there exists a forcing

extension M [G ] with a sequence 〈κn : n < ω〉 such that∏
n<ω

κn/I<ω does not carry a tree-like continuous scale.
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Open Questions

Question

What is the consistency strength of the existence of a sequence

〈κn : n < ω〉 consisting of core model successor cardinals such that∏
n<ω

κn/I<ω does not carry a continuous tree-like scale?

Question

Is it consistent for there to exist some singular strong limit λ such

that for no 〈κn : n < ω〉 co�nal in λ,
∏
n<ω

κn/I<ω carries a tree-like

continuous scale?

Question

Is it consistent for there to exist some singular strong limit λ and

some 〈κn : n < λ〉 such that
∏
n<ω

κn/I<ω carries a tree-like

continuous scale and true co�nality of the product is λ++?
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